ABSTRACT There have been many different investigations of nonlinear dynamical systems. In this paper, we introduce a new chaotic system. In the proposed system, the attractor can be modified by adding a nonlinear term to the third state equation, thereby generating six different self-excited chaotic attractors. Some dynamical properties such as Hopf bifurcation, bifurcation diagrams, and multistability of the proposed system are investigated. The new system shows topologically different attractors for all six cases. We investigate two cases in depth. We also use nonlinear feedback control to drive the system to equilibrium, using two cases for illustration.
in [39] . It was Gissinger's paper [40] , about chaotic reversal systems which motivated us to propose a new chaotic system derived from his model which can show topologically different strange attractors. The original system [36] is a chaotic reversal system with five equilibrium points and hence attracted our interest to analyze further the possibility of generating topologically different attractors. Our system has shown multistability and coexisting attractors compared to the original system [36] .
In Section 2, the new chaotic system (NCS) is introduced, and its dynamical properties are analyzed in Section 3. In Sections 4, 5 and 6, Hopf bifurcation, bifurcation transitions diagrams and multistability of the proposed novel system are derived and investigated. In Section 7, nonlinear feedback control is applied to drive the system to equilibrium. The last section provides conclusions and future works.
II. NOVEL CHAOTIC SYSTEM (NCS)
A set of equations, proposed to show reversals of the Earth's geomagnetic field was discussed by [40] . The mathematical model takes the form:     ẋ = ax − yz, y = −by + xz, z = c − z + xy.
(1) System (1) gives a self-excited attractor with five equilibrium points, which is topologically different to other well-known systems such as the Lorenz and Rossler systems, which have three and two equilibria respectively. In this paper system (1) is modified by including an additional nonlinear term in the third state equation for z, thereby generating six different self-excited chaotic attractors, as given in Table 1 . The mathematical model of the proposed new system is     ẋ = ax − yz, y = −by + xz, z = c − z + xy + dzy, (2) where a,b,c,d are the parameters of the system. We term (2) the 'NCS'.
The cases shown in Table 1 are derived from system (2) for different parameter values, For the initial conditions [0.1,0.1,0] and parameter values as shown in Table. 1, the phase portraits are shown FIGURE 1. 2D phase portraits of the NCS for the different cases shown in Table 1. in Fig.1 (a-f) . It can be seen from the figures that the proposed NCS has topologically different attractors for all the six cases.
III. DYNAMIC PROPERTIES OF THE NCS
The five equilibrium points for the NCS for the parameter choices shown in Table 1 are given in Table 2 self-excited chaotic attractors can be generated with different fixed points as shown in Table 3 . We note that the system shows hidden oscillations for case-2 and case-3 where there are no real fixed points.
The finite time Lyapunov exponents (LEs) of the NCS are calculated using the Wolf's algorithm [41] Table 4 shows the LEs and the Kaplan-Yorke dimension all the six cases discussed in Table 1 .
IV. HOPF BIFURCATION
To derive and investigate the Hopf bifurcation for the NCS, we choose case-1, where the parameter values are a = 0.2; b = 0.1 and c = 0 and parameter d is considered as the control parameter. System (2) can have at most five equilibria: 
It is not hard to check that there is no Hopf bifurcation at the origin and hence we consider a Hopf bifurcation analysis at the equilibrium point A 2 . (We can derive analogous results for the other points.) The characteristic equation for linearised stability about A 2 is:
Suppose that the characteristic equation of the system has a pair of imaginary roots ±iω (ω ∈ + ). It is not hard to show that when d = d 0 = 1.1713341066595535, (4) yields
Taking d as the Hopf bifurcation parameter, the transversality condition
is satisfied. Therefore we get the following theorem. Theorem 1:: If d varies and passes through the critical value d 0 = 1.1713341066595535, system (2) undergoes a Hopf bifurcation at the equilibrium point
Firstly, we review the projection method presented in Chapters 3 and 5 of [42] , but following the approach of [43] - [45] , to compute the first Lyapunov coefficient L 1 , connected with the stability of a Hopf bifurcation.
Consider the following differential equatioṅ
where X ∈ R 3 and µ are respectively vectors representing phase variables and control parameters. We assume that f is in a class of C ∞ functions in R 3 × R 2 . Suppose that (8) has an equilibrium X = X 0 at µ = µ 0 . Denoting the perturbed variable X − X 0 by X , we write
as
where
Assume that A has a pair of complex eigenvalues on the imaginary axis: λ 2,3 = ±ω 0 (ω 0 > 0), and that these eigenvalues are the only eigenvalues with (λ) = 0. Let T c be the generalized eigenvalues of A corresponding to λ 2,3 . Let p, q ∈ C 3 be vectors such that
where A T is the transpose of the matrix A. Any vector y ∈ T c can be expressed as y = ωq+ωq, where ω = p, y ∈ C. The two-dimensional center manifold related to the eigenvalues λ 2,3 can be parameterized by ω andω, by way of an immersion of the form X = H (ω,ω), where H : C 2 → R 2 has a Taylor expansion of the following form
with h jk ∈ C 3 and h jk =h kj . Substituting this expression into (8) we get the following differential equation
where F is given by (9) . The complex vectors H ij are obtained from the coefficients of (14) . Using the coefficients of F, system (14) can be written in the following form on the chart w for a central manifold, with G 21 ∈ C. The first Lyapunov coefficient is given by
, where
If the Jacobian matrix A of a equilibrium point has only a pair of pure imaginary eigenvalues ±iω 0 , for ω 0 > 0, with the other eigenvalues having nonzero real parts, then the equilibrium point is called a Hopf bifurcation point (X 0 , µ 0 ). A two-dimensional center manifold is well defined at a Hopf point. Also, under the flow generated by (8) , it is invariant and any higher-order derivatives can be continued to nearby parameter values.
Here we employ the three dimensional Hopf bifurcation method and use symbolic algebra calculations to analyze the parametric variations with respect to dynamic bifurcations. We consider the bifurcation of the system at proof: The transversality condition (6) is clearly satisfied. Accordingly, a Hopf bifurcation occurs at the equilibrium point. The sign of the first Lyapunov coefficient, l 1 , determines the stability of the equilibrium point. Using the notation of the previous section, the multilinear symmetric functions are:
Furthermore, we also obtain 
so that l 1 = 0.759987. Theorem 2 is therefore proved.
To show the occurrence of Hopf bifurcations in the NCS, we have plotted the 3D phase portraits for a = 0.2, Fig.2 . We see the bifurcating limit cycle from the Hopf bifurcation shown in Fig.2b , converting to a chaotic attractor for d > d 0 in Fig.2a .
V. BIFURCATION TRANSITION DIAGRAMS AND MULTISTABILITY
To study the dynamical behavior of the NCS with change in parameter, we obtain and investigate the bifurcation plots. Three different cases (A,B,C) are studied depending on the choice of parameters. The initial conditions are taken as [0.1, 0.1, 0] and the local maxima of the state variable is plotted for different values of the control parameter to obtain the bifurcation diagrams. The multistability plots are derived using the well-known continuation method where the parameter is increased (forward) or decreased (backward), reinitializing the end conditions as initial conditions for the next parameter change. The local maxima of the state variable are plotted for each parameter increment/decrement.To calculate the finite time Lyapunov exponents (LEs), we used the Wolf's algorithm [41] . Initial conditions are saved during the plotting of the multistability plots using forward and backward continuation.
Case A: Case A is Case-1 in which we chose the parameter values a = 0.2, c = 0 and d = 0, while parameter b is varied from 0 to 1. Fig.3 (left) shows the bifurcation transition diagram. For 0.10 < b < 0.11, 0.15 < b < 0.20, 0.28 < b < 0.42, 0.425 < b < 0.84 and 0.86 < b < 0.98 the NCS system shows chaotic oscillations. The system takes a period doubling route to chaos in the regions 0.25 < b < 0.28 and 0.13 < b < 0.15. Fig.3 (right) shows multistability plots, together with their respective LEs. The blue plots show the forward continuation and red plots show the backward continuation as in Fig.3a . We see the coexistence of a period-3 limit cycle with a chaotic attractor for the region 0.18 < b < 0.20. The presence of coexisting attractors is confirmed by the corresponding LEs plots, shown in Fig.3b (forward) and Fig.3c (backward) .
Case B:
The parameter values for this case (not shown in Table 1 ) are b = 0.1, c = 0.1 and d = 0 with parameter a now varying from 0.1 to 0.14. Fig.4 (left) shows the bifurcation transition plot of the NCS as a function of a. For the regions, 0.101 < a < 0.105 and 0.109 < a < 0.13 the NCS shows chaotic oscillations. The system now takes the route of period halving bifurcations from chaos, as seen for the range 0.130 < a < 0.137. Fig.4 (right) shows multistability plots derived with forward (blue) and backward (red) continuation with the corresponding LEs shown in Fig.4b and 3c . In Fig. 4a we see two coexisting attractors for 0.12 < a < 0.13, which is again confirmed by the corresponding LEs plots, shown in Fig.4b and 3c for forward and backward continuation respectively.
Case C: Case C is Case 5 of Table 1 . The parameter values chosen are a = 0.1, b = 0.1 and c = 0.001, while d is varied from 0 to 0.7. Fig.5 (left) shows the bifurcation transition plot of the NCS with parameter, and, as can be seen from the figure the regions 0 < d < 0.105 and 0.5 < d < 0.7 are found to be chaotic. The system shows a period-doubling route to chaos, as seen in the region 0.38 < b < 0.47. Fig.5 (right) shows the bifurcation diagrams with forward (blue) and backward (red) iterations with the corresponding LEs. We see multiple regions of coexisting chaotic attractors. As shown in Fig.5a , for 0.19 < b < 0.28, chaotic attractors coexist with periodic limit cycles. This is confirmed by the corresponding LEs plots, shown in Fig.5b for forward continuation and Fig.5c for backward continuation.
The coexisting attractors [46] of the NCS system for the cases A and B are shown in Fig.6 . We could see the symmetric attractors and coexisting limit cycles of the NCS system as correlated with the respective bifurcation plots shown in Fig.3 and Fig.4 respectively.
To show the coexistence of different attractors, we have plotted the basins for case-2 and case-4 as shown in Fig.7a  and 7b respectively. The NCS system shows two symmetric chaotic attractors for each case as we have taken the mean value of the state y to separate the attractors. The negative chaotic attractor is plotted by cyan colour and the positive by magenta. In Fig.7a we see that case-2 goes to a fixed point only for the initial conditions [0, 0, 0] shown in red. In case-4, the system shows a line where evolution is to equilibria, shown in red in Fig.7b . Also there is a line, shown in yellow, where the system goes to infinity.
VI. BIFURCATION DIAGRAMS AND CASES IN TABLE 1
Our objective now is to learn how the various cases of system (2), as listed in Table 1 , correspond to parts of the bifurcation transition diagrams as the parameter c varies. We note that when d = 0, system (2) is invariant under the symmetry (x, y, z) → (−x, −y, z). This means that phase diagrams of (x, y) should exhibit reflexional symmetry. This applies to Cases 1, 2 and 3. The remaining cases break this symmetry.
In Table 1 , b = 0.1 in nearly all the cases, except for Case 3, while a = 0.12 in three of the cases. We therefore chose (a, b, d) = (0.12, 0.1, 0) and varied c to produce a comparison of a bifurcation transition diagram with a plot of the x equilibrium state (see Figure 8(a) ). There is a small interval 0 ≤ c < 0.11 for which the equilibrium states are real. For c ≥ 0.11, we find only purely imaginary equilibria (see Figure 8(b) ). The various bands of chaotic attractors, shown in Figure 8(a) , coincide with the absence of real equilibrium states for NCS and are examples of hidden attractors.
When c = 0, we find phase portraits similar to those shown for Case 1 in Fig. 1 . As c is increased, we find examples of phase portraits, shown in Case 2. When c = 1.2, we find the phase portraits shown in Figure. 9, which resembles a very asymmetric version of Case 3. This falls within the chaotic band of the upper panel of Figure. Table 1 .
The bifurcation transition diagram for (a = 0.12, b = 0.1, d = 0) as c varies, therefore has examples of four different chaotic attractors, three of which are located where the only equilibrium states are purely imaginary [47] .
We now fix (b, c, d) = (0.1, 0.001, 0.1) and increase a. The bifurcation transition diagram is now shown in Figure 11 for 0 ≤ a ≤ 1. Real equilibrium states exist throughout this interval. From Table 1 , we see that the Case 5 chaotic attractor is located in the narrow band of chaotic solutions near a = 0.1. The Case 6 attractor is located in the middle of the much larger chaotic regime.
VII. NONLINEAR FEEDBACK CONTROL
We now illustrate how nonlinear feedback control can drive the dynamics of system (2) to equilibrium, using the nontrivial equilibria of Case 1 and Case 5 as examples. For nonlinear control, the first step is to include control signals u 1 , u 2 and u 3 to the RHS of equations (2) to get:
Writing the equilibrium state as x e = (x e , y e , z e ), we introduce error states as perturbations about x e : e 1 = x − x e , e 2 = y − y e , e 3 = z − z e . We substitute for x, y and z into eqns (18) to obtain a set of equations for e 1 , e 2 and e 3 : 
We note that V is positive definite, and our objective is to choose controls u 1 , u 2 and u 3 to make dV /dt negative definite. This guarantees that the error system (19) decays asymptotically to zero, and so the system (18) converges to the chosen equilibrium state. Differentiating V wrt t, and substituting forė 1 ,ė 2 andė 3 gives, after some simplification: 
Choosing 
FIGURE 12.
The time series of x, y and z for parameter choices of Case-1. System (2) is integrated for the first 200 sec, before applying the control and switching to system (18) for the final 100 sec.
Since b > 0,V is negative definite, and system (18) evolves to the chosen equilibrium state. We illustrate nonlinear feedback control using two of the cases listed in Table 1 : Cases 1 and 5.
When c = d = 0 (Case 1), the nontrivial equilibrium state is given by (x e , y e , z e ) = (± √ (b), ± √ (a), √ (ab)), so that for a = 0.2 and b = 0.1, we obtain (x e , y e , z e ) = (±0.3162, ±0.4472, 0.1414). We set (x e , y e , z e ) = (0.3162, 0.4472, 0.1414), and take initial conditions of (0.1, 0.1, 0), to integrate the uncontrolled system (2) numerically for 200 sec with a time step of 0.01 sec, before switching to integrate equations (18) numerically for a further 100 sec. Figure 12 shows the time series of x (blue), y (red) z (green) of system (2), evolving to the equilibrium state (x e , y e , z e ) = (0.3162, 0.4472, 0.1414). Figure 13 shows the corresponding nonlinear feedback control for the four nontrivial equilibria of Case 5. Panel 0.3097, 0.1). In all cases, the system evolves rapidly to the given equilibrium solution, once the nonlinear feedback control is applied.
VIII. CONCLUSIONS
In this paper, a simple chaotic system with topologically different attractors is examined with phase portraits. The system has self-excited attractor with five equilibrium points which give the topological difference to this system as compared with other well-known systems like Lorenz and Rossler attractors, which have three and two equilibria respectively. The dynamic properties of the system are presented in detail, by numerical simulation. A Hopf bifurcation, bifurcation transition diagrams, showing multistability of the proposed novel system are investigated. The system is modified by adding an additional nonlinear term in the third state equation, thereby generating six different self-excited chaotic attractors, as given in Table 1 . The proposed system shows topologically different attractors for all the six cases. Also, an engineering application of system are performed on two of the Cases of Table 1 for illustration. We used nonlinear feedback control to drive the system to equilibrium, in both cases. More different and interesting issues corresponding to these topics will be addressed in future work.
